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What is wall-crossing?
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How do we relate M_ and M, ?

Example (Thaddeus '94)
For GIT quotients My == X /.. G C [X/G], the master space is

M:=P(L- & Ly) Jo) G
with C* acting by scaling the £_ factor.

Exercise
Check that MC" = M_ LU M, UMy and describe M.

Exercise
Under what conditions is Ml a smooth scheme?
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How do we relate M_ and M, ?

The master space M relates enumerative invariants.

1. Apply C*-equivariant localization:

/ / 3V €l +/ Elng,
keuta-  Ju kutoy ' vy e(Naggm)
where u is the weight of the C*, and k4 € Zy.

2. Apply a residue map f ~ Res,(f du) (i.e. u=! coefficient):

1 1 - €y
= — — Res, ———% ) du.
P //\/I, £|M,+ k. /M+ 5‘/\/}++ es </0 Nt )> u

Relates desired invariants via a complicated quantity.
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Among the easiest non-trivial examples: this term vanishes.

Example
Recall the Jacobi theta function

d(x;1) = (1- z_l) H(l —q"z)(1 - q”z_l)

n>0

where z := exp(27ix) and q := exp(wi7). Then for any k € Z,



How do we relate M_ and M, ?

Among the easiest non-trivial examples: this term vanishes.

Theorem (L. '24)
Let Nyig/m = Pnez, NI&:))/M be the C*-weight decomposition. If

Z n- rank/\/l\(,ﬁ;)/M =0mod N

nez

for some integer N > 1, then

(Elliptic genus)y,q(l\/l,)|y:% = (Elliptic genus)y’q(M+)|y:%.
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Joyce applies master space wall-crossing in great generality...



Joyce's vertex algebra

1. (General set-up.) Let A be & noctherian C-lincar abelian

Cctont and BE At e Ao
(2) B is closed wnder isomorphisms in A (ie. il E= F € Awith E € B then
F &5 nd cod wader et smmands n A (1 1 5, € Awith BGF € B
then E,F € B).

(b) The i s

B Ainduces a morphism i,
shonk be e o

surjective quotient.Ko(4)
stability conditions on A as in
PRI

Ku(B) — Ku(A). We
— K(A), which we use for defin-
3.1 Write K(B) for the image of
utative diagraun of abelian groups:

Ko(B)

Ka(4)

K(B) = K(4)

We nse the quotient K(B) — K(B) in the vertex and Lic algebra theory for
L2513 Note i e tht () € C14) € K(4), where CL4) =

{[E]:0# E € A} and C(B) = {[E] : 0 # E € B}

(6) Asumption 4.4 bk o B, with Ko(8) o KI5) and C(B) o sbore, Wo

willfrely use the notation M, M, M, ... of Assumption 4.4 and

Definition 1.7 and the Lie algebra e \Mm] of Theorem 45

(d) We are given a subset. C(B)y. € C(B) of permissible classes.

() For el € C(Bpn we ar given tho olowing data

(i) Open Cosubstacks M7 C w‘ and M, = fnxv‘r'(\/i"‘J € My, where
wite 1) = 1] — ME Then 115!

principal [+/C,

= M a

D, o b s of et et 1

(0 Portct ot thorkes i : 7% — L, n o G, ~ Lyg on
the Artin C-

51, 45 in Definition 2.,
should be obtained by pulling back v, : G2

A8, as in Defition

ctor space Uy with dimU, = 0, > 0, and &
distinguished triangle in Port(M,,

vhore 6 < FY L,
+ Ly along the smooth

1.

H

(i) A finite-dimensional

Ua e O, -2 A3, (€2

N1 e Fr ey,

2c O, (2. (5.1)
where Ayt My — My x Mo % M, is the diagonal mor-
phism and £, — M,

X M i as in r\Mv\varmﬂ 400, 1t ol ot
ank 4 = 0, x(a,0), 50 rank G},

Joyce applies master space wall-crossing in great generality

(£) Suppose .5

B)ye with o

C(B)ype
(o ) 10 ,(M,, 2) € My x M.

(b)), an Bl
oo Pt

Define an open substac
Mw o=

o as in Assuwwption
Ma,s = Masp. Then the following

Fopniy)
,iv, o (83)-(4.4)

(B, ol )" (E8 )18y, 0T, ) € 1] E
OE oot o[ © 7, 5(E5 )i 1]

s o e
(A ol (€3 )(1)
T EE i

Ly, ]m- L)
We also require that dim U, + dim U 3 dim Uns s, that i, 00 +05 > 0as 5.
(&) We are given a set { (B Fiu M) 1k € K, where for cach k € &:

B e BE Alsa ful orct subtagy, closed s i

divect swmmands in A as in (o), mch th
on Cpoints [E]

By is an open coudition
in M, M.

e e apen Cntstacke M € M.
M C M hich are the ‘.md"h stacks of objects i By, We write
Mo = Mo 0 Mu, MP, = MEOMY for a € K(Bi). We write
C(8:) = {[E] wmm)cc(m

(i) £ o functor. lis restriction Fis, : By — Vectc
s an eract f

B
unclar (Lo it reserves st sunct squencesy which xtends
to modul functors, so it induces worphisins of moduli stac

S : My — Myeare = 1az0l*/ GL(, C))
MY M = Lo/ PGL( O

There is a tautological vector bundle Vieie — Myrc. We write
AR Then Vi — My b canonical isomor-

s o vector bundle wi
= Fe(E) forall E € By We write Ve
s direct sums to direct sums, and is C-linear, in a similar
way to (43)-(46), for all a, 3 € K(By) we have isomorphisus

Since Fy takes

5 (Vears) = Via @ Vi (53)
Yo Vi) = L, © Vi

(54)
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Joyce applies master space wall-crossing in great generality...
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(4+6 more pages).
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(+6 more pages). We will work in an easy case for simplicity
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Joyce's vertex algebra

Let X be a smooth projective variety, and 91, be a moduli of
coherent sheaves £ on X of class a.. Let 9%%(7) denote the locus
of 7-semistable objects.
Fact (about (Mochizuki-style) master spaces in such a setting)
Assume that the wall is simple, i.e.

» strictly Tg9-semistable objects split into < 2 Ty-stable pieces.

Then a master space M exists and

Mo = {& =& ® & : 1o(€1) = 10(€2)}
= || ¢(r0) x MEL (7o)
a=ai1+a
T0(cu1)=70(x2)
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Joyce's vertex algebra

(We can work around the simple wall condition [Mochizuki].)

simple walls

ST ey
7T|sst P 7T‘sst
\ ° / M.,
\ T0 ( T

GL(N)/B-fibrations



Joyce's vertex algebra

Let Mgh** := M0 (79) x ML (7g) for short.
Theorem (Joyce, '21)

Let Y(—,u): Hi(My,) ® H(Mo,) — Hi(IM,)((u)) be the natural
operation such that

= (Y (o)l W) (o)) M€

Then H.(9M) has a vertex algebra structure with state-field
correspondence Y (—, u).



An explicit formula for Y (—, u)

Let

D: Dﬁa X m[g —>9ﬁa+5
V: [pt/C*] x M, — M,

be the direct sum and the scaling of automorphisms on objects.
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An explicit formula for Y (—, u)

Let

D: ,’Jﬁa X 93?5 —>9ﬁa+5
V: [pt/C*] x M, — M,

be the direct sum and the scaling of automorphisms on objects.
Then

(Y(a,u)b) N € = (a0 b) <e(/1/@) UV x id)* & g) .

Dually, in homology,

Y (a, u)b = @.(V x id). ((a Bb)n (jifea))

(where W, : H.(9M,) — H (D) [[v])
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algebra axioms.



An explicit formula for Y (—, u)

Exercise (Proof of Joyce's theorem)

Verify, using this explicit formula, that Y (—, u) satisfies the vertex
algebra axioms.

This is purely formal and uses only that the normal bundle Ng is a
bilinear function of C*-weight 1 objects.
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Example
Let & be the universal sheaf on 2t x X. Then

7(7) = pri.(ch(&) U pry(v)) € H*(IM)
are descendent classes. We have

O =prEDprizé
Ve =LKXE



An explicit formula for Y (—, u)

Example
Let & be the universal sheaf on 2t x X. Then

7(7) = pri.(ch(€) U pra(7)) € H*(9M)

are descendent classes. We have
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)Sﬁa is a decomposition into connected

> H*(9M,) is a free Q-algebra generated by descendents.
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Then Joyce's vertex algebra on H.(9N) is a (super-)lattice vertex
algebra on the (super-)lattice (K, °*(X) & K{°®(X), x).



An explicit formula for Y (—, u)

Theorem (J. Gross, '19)
Suppose X is of class D; roughly:

> I = |_]a eKTP(X) M, is a decomposition into connected
components;

> H*(9M,) is a free Q-algebra generated by descendents.

Then Joyce's vertex algebra on H.(9N) is a (super-)lattice vertex
algebra on the (super-)lattice (K, °*(X) & K{°®(X), x).

Proof.

By reconstruction theorem and explicit calculation.



Joyce's vertex algebra

Problem
Where is the conformal field theory? What is the physical meaning
of all this?
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Lifting from cohomology to K-theory

The “cohomology to K-theory” dictionary:

H*BM(EU?) K(O) := Kop(Coh(9M))
fM f X(M’ f)
eN) =Tl all) | AL WNVY)=TI(1-LY)
H.(97) a K-homology group K,(90)



Lifting from cohomology to K-theory

The “cohomology to equivariant K-theory" dictionary:

HEM(W) KT(Qﬁ) = Ko(COhT(m))
fM f X(M’ ]:)
eWN)=Tlgall) | AL NY)=TI(1-LY)
H.(97) a K-homology group K. (90t)

T =(C*)" (r>0)is a split torus.



Lifting from cohomology to K-theory

O

Spec Hex (pt) Spec Kcx (pt)
=C =C*



Lifting from cohomology to K-theory

=

Spec Hex (pt) Spec Kcx (pt) Ellcx (pt)
=C — X - F



Lifting from cohomology to K-theory

Spec Hex (X) Spec Kex (X) Ellex (X)

Spec Hex (pt) Spec Kcx (pt) Ellcx (pt)
=C — X - B



Lifting from cohomology to K-theory

Spec Ht(X) Spec K1(X) Ell+(X)

S

Spec Hr(pt) Spec K1(pt) Ellr(pt)
—TLieT =T _ T/qcocharT



Joyce's vertex algebra, in equivariant K-theory

Theorem (L. '22)

Let

Y(=,2): K (May) © KJ (Ma,) — KT (Ma)[1 — 2][(1 — zt#) 7]
be the natural operation such that

N1 : Q1,00
00

Flygue
X (Tﬂgl’nz. e ('\:O )> = (Y(Zocl(TO)’Z)ZCQ(TO)) (‘/r)

Then K (9) has a equivariant multiplicative vertex algebra
structure with state-field correspondence Y (—, z).



Equivariant multiplicative vertex algebras
Definition
A vertex algebra is the data of:
» a Z-module V and a vacuum vector 1 € V;
» a translation operator D(u): V — V/[u];
P a state-field correspondence
Y(—u): VeV = V().

This data must satisfy the axioms:

1. (vacuum) Y(1,u) =id and Y(a,u)l = D(u)a;
2. (skew symmetry) Y(a,u)b = D(u)Y (b, uv)a;
3. (weak associativity) Y (Y (a,u)b,v) = Y(a,u+ v)Y(b,v)
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P a state-field correspondence
Y(—u): VeV = V().
This data must satisfy the axioms:
1. (vacuum) Y(1,u) =id and Y(a,u)l = D(u)a;
2. (skew symmetry) Y(a,u)b = D(u)Y (b, uv)a;
3. (weak associativity) Y (Y (a,u)b,v)=Y(a,u+ v)Y(b,v)

where = means matrix elements of both sides are the
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Z[u, v] {u_l, v (u— v)_l} .



Equivariant multiplicative vertex algebras

Definition
A vertex algebra is the data of:
» a Z-module V and a vacuum vector 1 € V;
» a translation operator D(u): V — V/[u];
P a state-field correspondence
Y(—u): VeV = V[ullu]
This data must satisfy the axioms:
1. (vacuum) Y(1,u) =id and Y(a,u)l = D(u)a;
2. (skew symmetry) Y(a,u)b = D(u)Y (b, uv)a;
3. (weak associativity) Y (Y(a,u)b,v)=Y(a,u+ v)Y(b,v)

where = means matrix elements of both sides are the
expansion of the same element in

Z[u, v] {u_l, v (u— v)_l} .



Equivariant multiplicative vertex algebras

Definition (L. '22)
A T-equivariant multiplicative vertex algebra is the data of:

» a Z[t"]-module V and a vacuum vector 1 € V;

» a translation operator D(z): V — V|1 — Z]|;

> a state-field correspondence

Y(=2): VeV = V-2 [1- 7).

This data must satisfy the axioms:

1. (vacuum) Y(1,z) =id and Y(a,z)1 = D(z)a;

2. (skew symmetry) Y(a,z)b = D(z)Y (b, z)a;

3. (weak associativity) Y(Y(a,z)b,w) = Y(a,zw)Y (b, w)
where = means matrix elements of both sides are the
multiplicative expansion of the same element in

Z[ - 2,1 - w] [(1 - 2't")72, (1= wie') 2 (1 - 2wl )T
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In other words, singularities exist at:
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Equivariant multiplicative vertex algebras

In other words, singularities exist at:

I}

exp

HSZ
[Rg—




Equivariant multiplicative vertex algebras

In other words, singularities exist at:

s= NI
- '
exp z=1::
u=0
equivariant

deformation




Equivariant multiplicative vertex algebras

In other words, singularities exist at:

p= VI
R s
exp z=1::
u=20 | I
| equivariant |
| deformation |
!

something too
hard to draw
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Equivariant multiplicative vertex algebras

Many familiar structures/results lift, e.g.:
» (locality) Y(a,z)Y(b,w) = Y(b,w)Y(a,z);
» (OPE)

; f(w)
Slngular terms m

V@Y ow) = 0 (v(a, 2w)b, w)
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Equivariant multiplicative vertex algebras

But there is still much work that can be donel

Problem
Define a multiplicative (“quantized”?) Zhu algebra and associated
variety.

Problem
Prove a reconstruction theorem. What is a (equivariant)
multiplicative lattice vertex algebra?

Problem (Possibly harder...)

Does it make sense to introduce a conformal element? What are
equivariant multiplicative/K-theoretic Virasoro constraints?



K-homology groups

What is KT (91)?
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K-homology groups

What is KJ(90)? For everything to work, must:

» admit pushforwards along arbitrary (T-equivariant)
morphisms, and external tensor product;

> satisfy Ko([pt/CX]) = Z[gb] (not a typo);
» allow for equivariant localization;
» (1) have a (non-equivariant) evaluation pairing
Ko (M) @ K°(9) — K°(pt) such that
p®(1-L)*N =0 VN> 0.

Here KO(E)JI) = Ko(Dperf(gﬁ)).



K-homology groups

Definition (L. '22)
Roughly,
K;r(m) C HomKT(pt)(K'lo'(m)v KT(pt))

is the largest Kt(pt)-submodule that satisfies all these properties.
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Roughly,
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is the largest Kt(pt)-submodule that satisfies all these properties.
So it contains “universal” enumerative invariants

Zo(r) = [€ = x(5(7), €)]

whenever 955¢(7) has no strictly 7-semistable objects.
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Roughly,
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whenever 955 (1) has no strictly 7-semistable objects.



K-homology groups

Definition (L. '22)
Roughly,
K;r(m) C HomKT(pt)(K'lo'(m)v KT(pt))

is the largest Kt(pt)-submodule that satisfies all these properties.
So it contains “universal” enumerative invariants

Zo(7) = [€ = X(ME(7), € © O'F))

whenever 9t55¢(7) has no strictly 7-semistable objects.

This module is basically uncomputable.
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which still satisfies all the desired properties.

In particular, it should still carry a equivariant multiplicative vertex
algebra structure, and contain all the invariants Z,(1).



K-homology groups

Problem
Find a smaller, more explicitly computable Kt (pt)-module KT ()
which still satisfies all the desired properties.

In particular, it should still carry a equivariant multiplicative vertex
algebra structure, and contain all the invariants Z,(1).

What is the analogue of Gross’s theorem?



Universal wall-crossing formulas

Returning to wall-crossing...

Proposition (Borcherds '86)
Let (V,1,D(u), Y(—,u)) be a vertex algebra. Then

[a, b] = Res, Y(a,u)bdu

is a Lie bracket on V /im(id —D(u)).



Universal wall-crossing formulas

Returning to wall-crossing...

Proposition (L. '22)
Let (V,1,D(z), Y(—,z)) be an equivariant multiplicative vertex
algebra. Suppose it is reduced, i.e. Y(—,z) takes values in

VI1- 2] [(1—ze") 7Y c V1 - 2] [(1 - Z'¢") 2]

Then g
z

= R Zth— Y , —

[a, b] Z esyn—1Y(a,z)b .

14

is a Lie bracket on V' /im(id —D(z)).



Universal wall-crossing formulas

Theorem (Joyce '21, L. '22)

For dim X < 2 and appropriately-defined enumerative invariants
Z,(7), in (equivariant) (K-)homology,

Zoc(Tl) = Z U(ala"'uan;7—77—/)'

a1+-{7~—2|—1an:oz [[ o [Zal (T)v 2012(7-)]’ o ] ) Zan(T)]
Vi: (a)=7()

where the U are universal wall-crossing coefficients.
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Theorem (Joyce '21, L. '22)

For dim X < 2 and appropriately-defined enumerative invariants
Z,(7), in (equivariant) (K-)homology,

Za(T/) = Z D(ala"'uan;7—77—/)'

a1+-{7~—2|—1an:a [[ o [Zal (T)v Zaz(T)]’ o ] ) Zan(T)]
Vi: (a)=7()

where the U are universal wall-crossing coefficients.

If 2%5(7) has no strictly semistable objects, then in homology,

Zo(7) = [MGH(7)].



Universal wall-crossing formulas

Theorem (Joyce '21, L. '22)

For dim X < 2 and appropriately-defined enumerative invariants
Z,(7), in (equivariant) (K-)homology,

Za(T/) = Z D(ala"'uan;7—77—/)'

a1+-{7~—2|—1an:a [[ o [Zal (T)v Zaz(T)]’ o ] ) Zan(T)]
Vi: (a)=7()

where the U are universal wall-crossing coefficients.

If 2%5(7) has no strictly semistable objects, then in homology,

Zo(7) = ()]
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Universal wall-crossing formulas

Theorem (Kuhn—L.—Thimm, early '25)

The same universal wall-crossing formula also holds for dim X = 3,
assuming the moduli stack M has a symmetric obstruction theory
(= is locally a critical locus).

Theorem (Bojko—Kuhn—L.—Thimm, later in '25)
The same also holds for dim X = 4, assuming (777).



Universal wall-crossing formulas

Defining and computing the “coproduct”
[a, b]NE = (aX b) N AL,

and its iterates Akl .= (A ®id)kA, is therefore of utmost
importance for wall-crossing applications.
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Universal wall-crossing formulas

Example
Let aa and apg be classes such that: (7 = arg Z)

Zo(aa) Zy(aa)

Simplest possible wall-crossing formula:
Zy(14) = exp (adzo(r_)) Zy(7-)

where Z,(7) = 3" ez Q" Znas+mag(T).



Universal wall-crossing formulas

Example (continued)

In fact, such wall-crossings occur in real life, e.g. in the study of
vertices in Donaldson—Thomas-like theories.
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Here, for any integer partitions A, u, v:
23, (7°T) = exp (adzy(rom) ) Zop(7°7).
Using A(1) = (scalar) - (1X 1) and

1 ¢£€=1
0 otherwise,

Zpgp(t"T)(€) = {



Universal wall-crossing formulas
Example (continued)
Here, for any integer partitions A, u, v:

23, (7°T) = exp (adzy(rom) ) Zop(7°7).

Using A(1) = (scalar) - (1X 1) and

1 ¢£€=1
0 otherwise,

Zpgp(t"T)(€) = {

one immediately obtains the

[Pandharipande-Thomas '09, Nekrasov—Okounkov '15,
DT/PT vertex Correspondence proved in Kuhn—L.—~Thimm '23 (messy) '25 (cleaner) ]

23 (TPT)(1) = (exp (adzy(rmy ) Zosen(77T)) (1)
=Zpop(r°T)(1) - 2o (77T)(1)



Universal wall-crossing formulas

Example (continued)

In fact, in this sort of setting,

vir,%

A(1) =rank(Ng %) - (1X1)

so that the cohomological Lie bracket is

[a, b](1) = rank(N2™2)a(1)b(1).



Universal wall-crossing formulas

Example (continued)

In fact, in this sort of setting,

ir, 1
A(1) = [rank(Ng 2)], - (1X1)
so that the K-theoretic Lie bracket is

[a, b](1) = [ rank(N2™%)].a(1)b(1).



Universal wall-crossing formulas

Example (continued)
In fact, in this sort of setting,

A(1) = [rank(AZ™ )], - (1 R1)

so that the K-theoretic Lie bracket is
vir, 1
[a, b](1) = [rank(N"7)],.a(1)b(1).

Here [n], is a quantum integer, quantizing n.



Vertex coalgebras and quantum groups

Theorem (L. '22)

Let A: V* — (V*®@ V*)(((1 — 2)71)) be the natural operation
such that

Y(a,z)bN¢& = (aX b)AS.

Then V* has a (multiplicative) vertex coalgebra structure with
vertex coproduct A.



Vertex coalgebras and quantum groups

Theorem (L. '22)

Let A: V* — (V*®@ V*)(((1 — 2)71)) be the natural operation
such that
Y(a,z)bN¢& = (aX b)AS.

Then V* has a (multiplicative) vertex coalgebra structure with
vertex coproduct A.

Theorem (Latyntsev 21 (cohomology), L. '22 ((critical) K—theory))
If V* has the structure of

» a (multiplicative) vertex coalgebra with vertex coproduct A,
and

» a (K-theoretic) Hall algebra with Hall product x,

and both structures are defined using N, then they are
compatible.



Vertex coalgebras and quantum groups

Problem
Can one use the quantum group to gain a better understanding of
the vertex coproduct, beyond the compatibility theorem?



Vertex coalgebras and quantum groups

Problem
Can one use the quantum group to gain a better understanding of
the vertex coproduct, beyond the compatibility theorem?

For instance, quantum group description of the “Ext operator”
e(Ng) or A*{(NY) should not be difficult.



Finale: some ambitious problems

Problem
Does the (multipicative) vertex (co)algebra act on H* or K of
M=t (7)?



Finale: some ambitious problems

Problem
Does the (multipicative) vertex (co)algebra act on H* or K of
M=t (7)?

Possible application: enumerative invariants similar to Zy ., (7°T)
are conjectured to be modular or Jacobi forms (e.g. S-duality in
Vafa—Witten theory); can vertex algebra techniques be used to
attack such conjectures?
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Finale: some ambitious problems

Problem
What is an (equivariant) elliptic vertex (co)algebra?

Possible application: better understanding of wall-crossing for
invariants in elliptic cohomology. E.g. topological conditions are
known such that equivariant (virtual chiral) elliptic genus has
trivial wall-crossing [L. '24].



Thank you!



